Given a convex disk K and a positive integer k, let δ k T (K) and δ k L (K) denote the k-fold translative packing density and the k-fold lattice packing density of K, respectively. Let T be a triangle. In a very recent paper, K.
denote the k-fold translative packing density and the k-fold lattice packing density of K, respectively. Let T be a triangle. In a very recent paper, K. Sriamorn [2] proved that δ A family of bounded sets F = {S 1 , S 2 , . . .} is said to be a k-fold covering of D if each point of D belongs to at least k sets of the family. In particular, when all S i are translates of a fixed measurable bounded set S the corresponding family is called a k-fold translative covering of D with S. When the translative vectors form a lattice the corresponding family is called a k-fold lattice covering of D with S. Let m(S, k, l) be the minimal number of the translates in a k-fold translative covering of lI 2 with S. Then, we define
Similarly, we can define ϑ k L (S) for the k-fold lattice coverings.
In a very recent paper, K. Sriamorn [2] studied the k-fold lattice coverings and packings with triangles T . He proved that
,
Furthermore, K. Sriamorn and A. Wetayawanich [1] showed that ϑ
for every triangle T . In this paper, I will prove the following result.
Normal k-Fold Translative Packing
Let D be a connected subset of R 2 and K = {K 1 , K 2 , . . .} be a family of convex disks. Suppose that K is a k-fold packing of D. We say that K is normal provided K i = K j for all i = j. When K is normal and K i are translates of a fixed convex disk K the corresponding family is called normal k-fold translative packing of D with K. Let M (K, k, l) be the maximal number of the convex disks in a normal k-fold translative packing of lI 2 with K. Then, we define
Proof. Trivially, we have that δ
For any K i , one can see that for every 0 < ε < 1, there exist infinite points (x, y) in the plane such that
, and hence
By letting ε tend to zero, one can obtain the result.
Some Notations
Denote by T the triangle of vertices (0, 0), (1, 0) and (0, 1).
One can easily show that ≺ is a strict partial order over R 2 . Let K be a nonempty bounded set. We define
For example, v(T + (x, y)) = (x, y) and v(I 2 + (x, y)) = (x, y). Suppose that T 1 and T 2 are two distinct translates of T and
As immediate consequence of the definition, one can see that for every two translates
Lemma 3.1. Suppose that T 1 , T 2 and T 3 are three distinct translates of T and
Proof. Since T 1 presses T 2 and T 2 presses T 3 , we have that v(T 2 ) ≺ v(T 1 ) and
. This immediately implies that T 1 presses T 3 .
Lemma 3.2. Suppose that T 1 , . . . , T n are n distinct translates of T and
Then, there exists i ∈ {1, . . . , n} such that T j presses T i for all j = i.
Proof. It is easy to see that there exists i ∈ {1, . . . , n} such that v(
From the definition, we have that T j presses T i for all j = i. Lemma 3.3. Let T ′ be a translate of T and u be a point in
Since T i presses T n+1 and u ∈ T n+1 , by Lemma 3.3, it is not hard to see that u ≺ u
Again, from Lemma 3.3, we have that u ∈ T i for all i = 1, . . . , n, and hence
For any non-negative integer r, we call a planar set S a half open r-stair polygon if there are x 0 < x 1 < · · · < x r+1 and y 0 > y 1 > · · · > y r > y r+1 such that 
where r = 0, 1, 2, . . .. Let B * be the function on [0, +∞) defined by
It is obvious that B * is a decreasing convex (downward) function and B * (r) = A * (r) , for all r = 0, 1, 2, . . .. For convenience, we also denote the function B * by A * . In [2] , K. Sriamorn showed that
Cutting Triangles into Stair Polygons
Let T be the triangle of vertices (0, 0), (1, 0) and (0, 1). In this section, we suppose that T = {T 1 , T 2 , . . . , T N } is a normal k-fold translative packing of lI 2 with T . Denote by C i the collection of triangle T j that presses T i . Let
and
where R(x 0 , y 0 ) denotes the set {(x, y) : x ≥ x 0 , y ≥ y 0 }. We have the following lemmas.
Proof. Assume that Int(T i ) ∩ U i = ∅. It can be deduced that there exist
This is impossible, since T is a k-fold packing of R 2 .
Lemma 4.2. S i is a half open stair polygon containing Int(T i ).
Proof. We note that C i is a finite collection, hence it is obvious that S i is a half open stair polygon. From Lemma 4.1, we have Int(
We may assume, without loss of generality, that S i is a half open r i -stair polygon and
where
0 is the x-coordinate of v(S j ). Proof. By the definitions of S i and Z(S i ), it is not hard to see that there exist
2, we may assume, without loss of generality, that T ij presses T i k+1 for all j = 1, . . . , k.
Proof. Since T i ⊂ lI 2 , it is obvious that S i ⊂ lI 2 . Hence, the result immediately follows from Lemma 4.4.
Proof. Assume that (x, y) ∈ L i ∩ S j . We have that (x, y) ∈ U i , and hence there exist T i1 , . . . ,
, and hence I 2 (T j ) ∩ I 2 (T is ) = ∅ for all s = 1, . . . , k. For s = 1, . . . , k, since T i presses T j and T is presses T i , we have that T is presses T j , i.e., T is ∈ C j . Therefore (x, y) ∈ U j . This is a contradiction.
2 (T j ) = ∅ and i = j, we have that either T i presses T j or T j presses T i . The result directly follows from Lemma 4.6. 
ri )}. From Lemma 4.3, we know that for every j = 1, . . . , r i , there exists i j ∈ {1, . . . , N } \ {i} such that (x
where x ij is the x-coordinate of v(S ij ) (see Figure 6 ). Let y i and y ij be the y-coordinates of v(S i ) and v(S ij ), respectively. Let
From Lemma 4.7, we know that L ij ∩ S i = ∅ for all S ij ∈ F . We note that S i / ∈ F . Since {S 1 , . . . , S N } is a k-fold packing of lI 2 , one can deduce that card{F } ≤ k − 1. It is not hard to see that for every S ∈ {S i1 , S i2 , . . . , S ir i } \ F , we have v(S) ∈ Int(S i ) ∪ Z(S i ). Hence
On the other hand, since {S 1 , . . . , S N } is a k-fold packing of lI 2 , it is obvious that n *
The following lemma immediately follows from Lemma 4.8 and Lemma 4.9. Hence, to prove Theorem 1.2, it suffices to show that for every l > 0 if T = {T 1 , T 2 , . . . , T N } is a k-fold translative packing of lI 2 with T , then
By Theorem 2.1, we may assume that T is a normal k-fold translative packing of lI 2 . Let S i be the half open r i -stair polygon defined by T as shown in Section 4. We know that {S 1 , S 2 , . . . , S N } is a k-fold packing of lI 2 and
Hence, by the definition and properties of the function A * , one can obtain
This completes the proof.
